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Abstract: The optimization of parking charges and parking supply over the time of a day is an important 

problem in the design of transportation networks. This paper presents a bilevel model to determine the opti-

mal time-varying parking charges and parking supply in road networks with multiple user classes and differ-

ent types of parking facilities. The upper level of the model aims to maximize the network net benefit in re-

sponse to the parking charges and parking supply, whereas the lower level is a time-dependent network 

equilibrium problem with elastic demand. A descent-gradient-based solution algorithm is adapted to solve 

the model. The numerical results show that the implementation of time-varying parking charges and parking 

supply is useful to effectively cater to the time-varying demand with different parking needs. The model pro-

vides a powerful tool for strategically designing parking locations and evaluating various parking policies. 
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Introduction 

In recent years, parking has become an increasingly se-
rious problem in most densely populated cities around 
the world. This is mainly attributed to the imbalance 
between parking demand and supply[1,2]. A shortage of 
supply increases the searching time for parking and 
exacerbates traffic congestion on the roads. It also 
causes more illegal roadside parking. 

In  response  to  the  growing parking problems in 

urban areas, it is necessary to optimize the various 
forms of parking supply in a network, such as provi-
sion of on-street, off-street, free, metered, and limited 
time facilities. This type of optimization belongs to the 
well-known network design problem[3-5]. In addition, 
parking charges are one of the most efficient means of 
traffic demand management[6,7]. Charging may change 
the choices of travelers of parking location and dura-
tion, and the choices of path and departure time as well. 
Moreover, parking charging schemes are also easier to 
enforce than road pricing[8-10]. Thus, joint optimization 
of parking supply and parking charges is of interest. 

Shoup[11] argued that minimum parking require-
ments increase development costs excessively, and that 
a tax provision can allow developers to reduce these 
costs. However, the externality cost that is caused by 
parking was not considered in Shoup’s study. Feitelson 
and  Rotem[12]  proposed  a  flat  surface  parking  tax 
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approach to internalize the externalities that are associ-
ated with parking provision, which is a more effective 
approach than either the minimal or the maximal park-
ing requirement methods. Anderson and de Palma[13] 
employed the theory of economics to examine the 
benefits of parking pricing. Lam et al.[14] proposed a 
bilevel program model to optimize parking charges, 
which  considers  the responses of all travelers to 
charging. 

However, all of these studies were static, and thus 
cannot reveal the responses of travelers to parking 
charges and supply over the time of a day or capture 
the temporal and spatial interaction between supply 
and demand. Therefore, time-dependent or dynamic 
versions of these models are worth further study[15-17]. 
Lam et al.[18] recently proposed a time-dependent net-
work equilibrium model for investigating travel and 
parking behavior in a network with multiple user 
classes and multiple parking options. However, in their 
model the parking charging scheme is pre-specified 
and the travel demand is fixed and given exogenously. 
In fact, both the parking supply and charge have sig-
nificant impacts on travel patterns[7,14,19]. It is, therefore, 
meaningful to incorporate demand elasticity into park-
ing modeling to capture the responses of travelers to 
traffic congestion  and parking space availability[14]. 

This paper aims to develop a model that can simul-
taneously optimize parking charges and parking supply 
over the time of a day in a network with multiple user 
classes and various parking facilities. Three types of 
parking that are popular in densely populated cities are 
considered[15,19-21]: on-street free-of-charge parking 
spaces with limited duration, on-street metered parking 
spaces with limited duration, and off-street parking 
spaces. The parking supply at the on-street free-of-
charge parking locations is assumed to be time-varying 
and dependent on road congestion. In general, as the 
traffic demand increases and the level of road conges-
tion rises, the number of permitted on-street free-of-
charge parking spaces will be reduced to cater to the 
increasing road space demand. In contrast, parking 
charges at on-street metered parking locations and off-
street parking locations are time-varying according to 
the demand for parking spaces, the arrival times of ve-
hicles, and the parking duration. The demand elasticity 
for parking supply and parking charges is also consid-
ered in the model. 

1 Basic Considerations 
1.1 Travel disutility 

Consider a transportation network G = (N, A), where N 
is the set of all nodes, including origin nodes, intersec-
tion nodes, destination nodes, and connector nodes, 
and A is the set of all directed links, including centroid 
connectors from origin to road network, road links, 
parking access links from the connector node to the 
parking location, parking links and walk links from 
parking location to the final destination. Let R denote 
the set of origin nodes, r a single origin node, 
r R N∈ ⊂ , S the set of destination nodes, and s a des-
tination node, s S N∈ ⊂ . Let J denote the set of trip 
purposes of all travelers and j an element in J. Let L 
denote the set of all possible parking durations (for in-
stance, 1 h, 2 h, 3 h) and l an element in L. Let M de-
note the set of all user classes and m a user class with a 
specific trip purpose j and parking duration l. 
Hence, { }: ( , )M m j l J L= ∈ × , where “×” denotes the 

Cartesian product. Let I denote the set of all parking 
locations in the network, 1 2 3I I I I= ∪ ∪ , where 1I  
is the set of all on-street free-of-charge parking loca-
tions with limited duration, 2I  is the set of all on-
street metered parking locations with limited duration, 
and 3I  is the set of all off-street parking locations. 
Denote m

rsI  as the set of all feasible parking locations 
for the origin-destination (OD) pair (r, s) and the user 
class m. 

Suppose that the whole study period [0, T] is discre-
tized into equal time intervals, sequentially numbered 

{1, , }t T T∈ = , and δ is the length of an interval so 
that T Tδ = . The value of T is sufficiently large to en-
sure that all travelers can complete their journeys 
within the study period [0, T]. Define , ( )m

rs iC t  as the 

disutility (measured in time units) for user class m de-
parting from origin r at interval t and traveling to des-
tination s via parking location i, which is the sum of 
the travel time from origin to parking location, the 
searching time delay for parking, the parking charge, 
the walking time from parking location to destination, 
and the schedule delay cost of early or late arrival at 
the destination, i.e.  

( ), ( ) ( ) ( )m m m m
rs i ri is riC t T t C t T t= + + =



LI Zhichun (李志纯) et al：Optimization of Time-Varying Parking Charges and … 

 

169

( )1( ) ( )m m m m
ri i riT t d t T tα+ + + ( )2 ( )m m m

i riz t T tα + +  

( )( )3 ( ) ( )m m m m m m m m
is s s ri i ri isw t T t d t T t wα α Θ+ + + + + ,

,   ,   ,   ,   m
rsi I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈       (1) 

where ( )m
riT t  is the in-vehicle travel time for user 

class m departing from origin r at interval t and travel-
ing to parking location i, ( )( )m m

is riC t T t+  is the dis-

utility from parking location i to destination s, 
( )( )m m

i rid t T t+  is the searching time delay for an 

available parking space for user class m departing from 
origin r at interval t and arriving at location i at interval 

( )m
rit T t+ , ( )( )m m

i riz t T t+  is the parking charge for 

user class m at location i at interval ( )m
rit T t+ , m

isw  is 
the walking time of user class m from location i to des-
tination s, and ( )( )( ) ( )m m m m m

s ri i ri ist T t d t T t wΘ + + + +  is 

the schedule delay cost of early or late arrival at desti-
nation s for user class m departing from origin r at in-
terval t and arriving at destination s via parking loca-
tion i at interval ( )( ) ( )m m m m

ri i ri ist T t d t T t w+ + + + . Some 

terms in Eq. (1) are multiplied by coefficients (α) for 
the purpose of converting different quantities to the 
same unit defined in the disutility function. 

Suppose that the searching time delay function for 
an  available  parking  space  follows  the  form of the 
Bureau of Public Roads (BPR) type function[14], 

( )( )40( ( )) 0.15 ( ) ,

,   ,  ,   ,   

m m m m
i ri i i ri i

m
rs

d t T t d D t T t h

i I m M r R s S t T

+ = + +

∀ ∈ ∈ ∈ ∈ ∈  (2) 

where 0m
id  is the free-flow parking access time at 

parking location i, ( )( )m
i riD t T t+  is the accumulation 

or occupancy of parking location i when the travelers 
in user class m depart at interval t from origin r and ar-
rive at the location i at interval ( )m

rit T t+ , and ih  is 
the capacity of parking location i. For the on-street 
free-of-charge parking spaces with limited duration, 
the parking capacity ih  is a function of the time t of a 
day, i.e., ( )i ih h t= . 

The accumulation at parking location i can be repre-
sented in terms of the path inflow only[18]. For the OD 
pair (r, s), the cumulative arrivals of user class m, 

( )m
riU t , at parking location i by interval t (but exclud-

ing interval t) are given by 

1

,
1 : ( )

( ) ( ),
m

riri

t
m m
ri ri p

p Pk k T k

U t f k
ξ ξ

−

= ∈+ =

= ∑ ∑ ∑  

,   ,   ,   ,   m
rsi I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈     (3) 

where riP  is the set of all paths between origin r and 
parking location i, and , ( )m

ri pf k  is the departure flow 

rate of user class m on path p between origin r and 
parking location i during interval k. Then, the total cu-
mulative arrivals of user class m from all of the OD 
pairs, ( )m

iU t , at parking location i by interval t can be 
computed by 

,

( ) ( ),

,   ,   ,   ,   

m m
i ri

r s

m
rs

U t U t

i I m M r R s S t T

=

∀ ∈ ∈ ∈ ∈ ∈

∑
         (4) 

On the other hand, for a given OD pair and user 
class m with parking duration l, travelers who arrive at 
parking location i before interval (t−l) have already left 
location i before interval t, and thus the cumulative de-
partures of user class m, ( )m

riV t , from location i by in-
terval t are given by 

1

,
1 : ( )

( ) ( ),
m

riri

t l
m m

ri ri p
p Pk k T k

V t f k
ξ ξ

− −

= ∈+ =

= ∑ ∑ ∑  

,   ,   ,   ,   m
rsi I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈       (5) 

Therefore, the total cumulative departures of user 
class m for all of the OD pairs, ( )m

iV t , from parking 

location i by interval t can be computed by 

,

( ) ( ),

,   ,   ,   ,   

m m
i ri

r s

m
rs

V t V t

i I m M r R s S t T

=

∀ ∈ ∈ ∈ ∈ ∈

∑
     (6) 

The parking accumulation at location i by user class 
m at interval t, ( )m

iD t , which equals to the cumulative 
arrivals, ( )m

iU t , by the time t minus the cumulative 
departures, ( )m

riV t , by that time, can be represented as 

( ) ( ) ( ),  

,   ,   ,   ,   

m m m
i i i

m
rs

D t U t V t

i I m M r R s S t T

= −

∀ ∈ ∈ ∈ ∈ ∈     (7) 

Hence, the total parking accumulation at location i by 
all user classes at interval t, ( )iD t , is 

( ) ( ),   ,   m
i i

m
D t D t i I t T= ∀ ∈ ∈∑        (8) 

The parking charge, which depends on the desired 
parking duration and the arrival time interval at the 
parking location, can be defined as[2,18] 
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( ) ( )( ) ( ) ,m m m
i ri m i riz t T t l p t T tθ+ = × × +  

,   ,   ,   ,   m
rsi I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈      (9) 

where mθ  is the parking charge discount for user class 

m, and ( )( )m
i rip t T t+  is the hourly parking fee at time 

interval ( )m
rit T t+ . In general, the longer the parking 

duration, the smaller the value of mθ . 
The walking time, which depends on the distance 

from the parking location to the users’ final destination 
and walking speed[22], can be defined as 

( , ) ,   ,   ,   ,   m m
is rsw i s i I m M r R s SΓ ω= ∀ ∈ ∈ ∈ ∈  (10) 

where ( , )i sΓ  is the average walking distance from 
parking location i to final destination s, and ω is aver-
age walking speed of travelers (km/h).  

As shown in Refs. [23, 24], the schedule delay cost 
of arrival at the destination s can be defined as  

( )
( )
( )

* *

* *

( ) ,   if ( ),

( ) ( ) ,  if ( ),

0,  otherwise

m m m m m
s s s s

m m m m m m
s s s s s

t t t t t t

t t t t t t t t

τ ∆ ∆

Θ λ ∆ ∆

⎧ − − − >
⎪⎪= − − + <⎨
⎪
⎪⎩

 
(11)

 

where the arrival time ( ) ( ) (m m
ri it t t T t d t= + + +  

( ))m m
ri isT t w+ , * *[ , ]m m m m

s s s st t− ∆ + ∆  is the window of the 
desired arrival time of user class m at destination s 
without any schedule delay penalty, *m

st  is the middle 
point of the time window, and ( )m mτ λ  is the unit cost 
of early (late) schedule delay at destination s for user 
class m. 

1.2 Behavior modeling 

Before making a trip, a traveler first determines the 
start and end times of the activity, namely, the depar-
ture time and parking duration, and then selects a de-
sirable parking location that will minimize the travel 
disutility from origin to final destination. After choos-
ing the parking location, the traveler will take the 
shortest route to travel to the parking location. In this 
paper, we make use of the multinomial logit model to 
describe the hierarchical choice process of travelers. 
Let j

rsq  be the total demand of travelers with trip pur-
pose j between OD pair (r, s), and ( )jl

rsq t  (or ( )m
rsq t ) 

be the portion of the demand that selects interval t for 
departure and parks their cars for l intervals. We then 
have 

( )
( )

( , )

( , )

exp ( )
( ) ,

exp ( )

m j l
m rsm j

rs rs m j l
m rs

t T l L

C t
q t q

C t

β

β
∈ ∈

−
=

−∑∑
 

,   ,   ,   m M r R s S t T∀ ∈ ∈ ∈ ∈        (12) 

where ( , ) ( )m j l
rsC t  is the travel disutility of user class m 

departing at interval t between OD pair (r, s), and mβ  
is a dispersion parameter that reflects the degree of fa-
miliarity of travelers with, or their perception of, the 
variation of travel disutility. 

Now consider the response of the travel demand 
elasticity to the road congestion and the availability of 
parking supply. Following Yang and Meng[24] and 
Szeto and Lo[25], the total demand j

rsq  is assumed to 
be a decreasing function of the log-sum travel disutility, 

j
rsS , between that OD pair, i.e., 

( )j j j
rs rs rsq D S= , ,   ,   j J r R s S∀ ∈ ∈ ∈     (13) 

( )( , )

,

1 ln exp ( )j m j l
rs m rs

l tm

S C tβ
β

= − −∑ , 

,   ,   j J r R s S∀ ∈ ∈ ∈           (14) 

Following Lam et al.[18], a deterministic parking lo-
cation choice equilibrium can mathematically be ex-
pressed in a complementary form as 

( ), ,( ) ( ) ( ) 0,

,   ,   ,   ,   

m m m
rs i rs rs i

m
rs

C t C t q t

i I m M r R s S t T

− =

∀ ∈ ∈ ∈ ∈ ∈      (15) 

, ( ) ( ),

,   ,   ,   ,   

m m
rs i rs

m
rs

C t C t

i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈

≥

    (16) 

, ( ) 0,

,   ,   ,   ,   

m
rs i

m
rs

q t

i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈

≥

    (17) 

,( ) min ( ),

,   ,   ,   

m
rs

m m
rs rs i

i I
C t C t

m M r R s S t T
∈

=

∀ ∈ ∈ ∈ ∈        (18) 

where , ( )m
rs iq t  is the travel demand of user class m be-

tween OD pair (r, s) departing at interval t via parking 
location i. 

In the following, we describe mathematically a de-
terministic time-dependent multi-class route choice 
equilibrium problem, which implies that for each OD 
pair and each user class at each interval, the actual path 
travel times experienced by travelers departing at the 
same time should be equal and minimal[23,25-27]. Let 

, ( )m
ri pT t  be the path travel time of user class m depart-

ing from origin r at interval t to parking location i via 
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path p. The time-dependent route choice equilibrium 
can be mathematically written as 

( ), ,( ) ( ) ( ) 0,

,   ,   ,   ,   ,   

m m m
ri p ri ri p

m
ri rs

T t T t f t

p P i I m M r R s S t T

− =

∀ ∈ ∈ ∈ ∈ ∈ ∈  (19) 

, ( ) ( ),

,   ,   ,   ,   ,   

m m
ri p ri

m
ri rs

T t T t

p P i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈ ∈

≥

  (20) 

, ( ) 0,

,   ,   ,   ,   ,   

m
ri p

m
ri rs

f t

p P i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈ ∈

≥

 (21) 

,( ) min ( ),

,   ,   ,   ,   
ri

m m
ri ri pp P

m
rs

T t T t

i I m M r R s S t T
∈

=

∀ ∈ ∈ ∈ ∈ ∈     (22) 

, ( ) ( ) ( ),

,   ,   ,   ,   ,   

m m rim
ri p a apt

a k t

m
ri rs

T t c k k

p P i I m M r R s S t T

δ=

∀ ∈ ∈ ∈ ∈ ∈ ∈

∑∑
≥

 (23) 

where ( )rim
apt kδ , an indicator variable, is equal to 1 if 

the flow on path p departing from origin r at interval t 
to parking location i arrives at link a at interval k, and 
0 otherwise. ( )m

ac k  is the travel time of user class m 
on link a during interval k, which can be represented as 
a function of the inflows of all the user classes entering 
that link by interval k[27], 

(
)

1 1 1( ) (1), (2),..., ( );...;

(1), (2),..., ( ) ,

m
a a a a

m m m
a a a

c k f u u u k

u u u k

=

 

,   ,   a A m M k T∀ ∈ ∈ ∈           (24) 

( ) ( ),   ,   ,   m rim
a apt

ri p t
u k u k a A m M k T= ∀ ∈ ∈ ∈∑∑∑  (25) 

where ( )rim
aptu k  is the inflow to link a during time in-

terval k that departs from origin r over path p toward 
parking location i during interval t. The link inflow can 
be represented by the path inflow through the use of 
the indicator variable ( )rim

apt kδ , i.e.,  

,( ) ( ) ( ),   ,   ,rim m rim
apt ri p apt riu k f t k a A p Pδ= ∀ ∈ ∈  

,   ,   ,   ,   ,   m
rsi I m M r R s S t T k T∈ ∈ ∈ ∈ ∈ ∈   (26) 

Up to now, we have defined and formulated all the 
travel choices that are to be investigated in this paper. 
The parking location and route choices follow a time-
dependent deterministic user equilibrium. The combi-
nation of departure time and parking duration choices 
is governed by a multinomial logit formulation. Hence, 
a flow pattern { }* * * *

, ,( ), ( ), ( ),m m m j
ri p rs i rs rsf t q t q t q  is a time-

dependent network equilibrium for the joint choice 

problem of departure time, parking duration, parking 
location, and travel route in a network with elastic de-
mand if it satisfies conditions (12)-(23) simultaneously. 

2 Model Formulation 

The government’s objective is to maximize the sys-
tem’s net benefit and all individuals then adjust their 
travel behavior according to the supply and charges 
given by the government. The interaction between the 
government and individuals can be represented by a 
bilevel formulation. The lower level of the model is a 
time-dependent network equilibrium problem with 
elastic demand, which can be formulated as an equiva-
lent variational inequality (VI) formulation as fol-
lows[18]. 

( )* *
, , ,( ) ( ) ( )m m m

ri p ri p ri p
ri m p t

T t f t f t− +∑∑∑∑  

( )( )* * *
, ,( ) ( ) ( )m m m m

is ri rs i rs i
rs m i t

C t T t q t q t+ −∑∑∑∑ + 

( )

( )1

* *

* *

1 ln ( ) ( ) ( )

( ) 0

m m m
rs rs rs

rs m t m

j j j j
rs rs rs rs

rs j

q t q t q t

D q q q

β
−

− +

−

∑∑∑

∑∑ ≥    (27) 

subject to 

, ,( ) ( ),

,   ,   ,   ,   

m m
ri p rs i

p

m
rs

f t q t

i I m M r R s S t T

=

∀ ∈ ∈ ∈ ∈ ∈

∑
    (28) 

, ( ) ( ),   ,   ,   ,   m m
rs i rs

i
q t q t m M r R s S t T= ∀ ∈ ∈ ∈ ∈∑  (29) 

( , )

,
( ) ,   ,   ,   m j l j

rs rs
l t

q t q j J r R s S= ∀ ∈ ∈ ∈∑    (30) 

, ( ) 0,

,   ,   ,   ,   ,   

m
ri p

m
ri rs

f t

p P i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈ ∈

≥

  (31) 

, ( ), ( ), 0,

,   ,   ,   ,   

m m j
rs i rs rs

m
rs

q t q t q

i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈

≥

    (32) 

where Eq. (28) states the conservation of path flows, 
i.e., the sum of all the path flows of user class m be-
tween origin r and parking location i should equal the 
travel demand between OD pair (r, s) when parking lo-
cation i is selected. Equation (29) is the parking de-
mand conservation constraint. Equation (30) shows 
that the sum of demand over all the intervals and park-
ing durations for each OD pair should equal the total 
OD demand with trip purpose j between that OD pair. 
In addition, the following definitional constraints 
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should be included: 

, ( ) ( ) ( ),m m rim
ri p a apt

a k t
T t c k kδ=∑∑

≥

 

,   ,   ,   ,   ,   m
ri rsp P i I m M r R s S t T∀ ∈ ∈ ∈ ∈ ∈ ∈    (33) 

,( ) ( ) ( ),

,   ,   

m m rim
a ri p apt

ri p t
u k f t k

a A m M k T

δ=

∀ ∈ ∈ ∈

∑∑∑
      (34) 

In the upper level, the government’s objective is to 
maximize the network net benefit under the road and 
parking supply constraints for acceptable ranges of the 
parking supply and parking charges, i.e., 

*
1

0,

*
, ,

max ( )d

( ) ( , )

j
rsq j

rs
rs j

m m
rs i rs i

rs m i t

J D w w

q t C

−

= −

−

∑∑∫

∑∑∑∑
h p

h p
 

1 2 3

1 2 3( ) ( )i i i
t i I i I i I

h t T h hρ ρ ρ
∈ ∈ ∈

− +∑∑ ∑ ∑     (35) 

subject to 
min max

1( ) ,   ,   i i ih h t h i I t T∀ ∈ ∈≤ ≤     (36) 
min max

2 3,   i i ih h h i I I∀ ∈ ∪≤ ≤        (37) 
min max

2 3( ) ,   ,   i i ip p t p i I I t T∀ ∈ ∪ ∈≤ ≤    (38) 

( , ) ,   a au C a A∀ ∈h p ≤           (39) 

1( , ) ( ),   ,   i iD h t i I t T∀ ∈ ∈h p ≤        (40) 

2 3( , ) ,   ,   i iD h i I I t T∀ ∈ ∪ ∈h p ≤       (41) 

where ( ) ( )T T, ( ) , , ( ) , ,i i i ih h t p p t i I t T= = ∀ ∈ ∈h p  are 

the vectors of the parking supply and parking charges, 
respectively. max

ih ( min
ih ) and max

ip ( min
ip ) are the up-

per (lower) bounds of the parking supply and parking 
charges at parking location i, respectively. 1ρ , 2ρ , 
and 3ρ  are the scaling factors converting construction 
and operation costs to travel costs. The equilibrium 
travel demand ( *j

rsq , *
, ( )m

rs iq t ) is obtained by solving the 

lower-level time-dependent network equilibrium prob-
lem shown in Eqs. (27)-(34). The first term in expres-
sion (35) is the total user benefit from travel, the sec-
ond term in the expression is the total social cost in-
curred by all users, and the last two terms are the 
equivalent travel costs for constructing and operating 
parking facilities. Equations (36) and (37) are the fea-
sible bounds of parking supply at the three parking fa-
cilities, respectively. Equation (38) is the acceptable 
range of parking charges at the on-street metered with 
limited duration and the off-street parking spaces. 

Equations (39)-(41) are the road link and parking ca-
pacity constraints, respectively.  

3 Solution Algorithm 

There is a body of solution algorithms for solving the 
bilevel programming problem[28-30]. In this paper, a de-
scent-gradient-based strategy is adapted to search for 
the local optimum of the bilevel model. The upper-
level problem, i.e., the objective function together with 
the road link and parking capacity constraints, consists 
of nonlinear and implicit functions with decision vari-
ables h and p. Thus, local linear approximations using 
Taylor’s formula can be implemented on the basis of 
the derivatives of travel demand, link inflows, and 
parking accumulations with respect to the parking sup-
ply and parking charges:  

* * * * *( , ) ( , ) ( , )( )j j j
rs rs rsq q q≈ + ∇ − +hh p h p h p h h  

* * *( , )( )j
rsq∇ −p h p p p          (42) 

* * * * *
, , ,( , ) ( , ) ( , )( )m m m

rs i rs i rs iq q q≈ +∇ − +hh p h p h p h h  
* * *

, ( , )( )m
rs iq∇ −p h p p p         (43) 

* * * * *
, , ,( , ) ( , ) ( , )( )m m m

rs i rs i rs iC C C≈ +∇ − +hh p h p h p h h  
* * *

, ( , )( )m
rs iC∇ −p h p p p        (44) 

* * * * *( , ) ( , ) ( , )( )a a au u u≈ +∇ − +hh p h p h p h h  
* * *( , )( )au∇ −p h p p p        (45) 

* * * * *( , ) ( , ) ( , )( )i i iD D D≈ + ∇ − +hh p h p h p h h  
* * *( , )( )iD∇ −p h p p p       (46) 

where ,j
rsq∇h ,j

rsq∇ p ,
m
rs iq∇h  and , ,m

rs iq∇ p  can be ob-

tained by the method of sensitivity analysis for the 
network equilibrium problem[31,32]. ,

m
rs iC∇h , ,

m
rs iC∇ p , 

au∇h , au∇ p , ,iD∇h  and iD∇ p  can be obtained by 

adopting the method that was proposed in Refs. [33-
35]. *h  and *p  represent the solutions at the current 
iteration, * *( , ),j

rsq h p  * *
, ( , ),m

rs iq h p  * *
, ( , ),m

rs iC h p  
* *( , ),au h p  and * *( , )iD h p  are the corresponding val-

ues at equilibrium state. Equations (45) and (46) are 
then applied to Eqs. (39)-(41) to form a set of linear 
constraints, and Eqs. (42)-(44) are substituted into the 
objective function (35). Consequently, the upper-level 
problem is converted to a standard quadratic program-
ming  problem  which  can  be  solved  using  existing 
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solution algorithms such as the gradient projection 
method[36].  

The step-by-step procedure of the solution algorithm 
is given below. 

Step 1 Determine the initial parking supply ( )kh  
and parking charge ( )kp . Set k = 0.  

Step 2 Solve the lower-level network equilibrium 
problem for the given ( )kh  and ( )kp , and denote the 
solution as *j

rsq  and *
, ( )m

rs iq t . 

Step 3 Use the sensitivity analysis method to cal-
culate the derivatives j

rsq∇h , j
rsq∇ p , ,

m
rs iq∇h , ,

m
rs iq∇ p , 

,
m
rs iC∇h , ,

m
rs iC∇ p , au∇h , au∇ p , iD∇h , and iD∇ p , 

and then obtain the gradients of the objective function 
of the upper level of the model with respect to parking 
supply and parking charge, that is, J∇h  and J∇ p . 

Step 4 Use the derivative information to construct 
an approximate quadratic program for the upper-level 
problem, solve this quadratic program, and obtain the 
new parking supply ( 1)k+h  and parking charge ( 1)k+p . 

Step 5 If the pre-specified stopping criterion is sat-
isfied, then stop and output the solution; otherwise, set 
k = k+1 and go to Step 2. 

In Step 2, the lower-level time-dependent network 
equilibrium problem can be solved by the decomposi-
tion algorithm proposed by Lam et al.[18]  

4 A Numerical Experiment 
4.1 Experiment settings 

The test network, as shown in Fig. 1, consists of four 
OD pairs (1-3, 1-4, 2-3, and 2-4), six road nodes, 
eleven road links, and six parking locations (two off-
street parking locations P1 and P2, two on-street me-
tered parking locations with limited duration A and B, 
and two on-street free-of-charge parking locations with 
limited duration C and D). The analysis assumes that 
the permitted maximum parking durations for all on-
street parking locations A, B, C, and D are identical at 
three hours. The study period is from 06:00 to 20:00, 
and is divided into 14 hourly intervals. The travelers 
are grouped into two user classes according to whether 
they are commuters or non-commuters. The non-
commuters are further categorized into three sub-
classes according to their parking durations of 1 h, 2 h, 
or 3 h, and the commuters are partitioned into two sub-

classes  according  to  their  parking  durations  of 4 h 
or 8 h. 

 
Fig. 1 Test network 

The adopted time-dependent link travel time func-
tion is simply formulated as a BPR-type, 

( )( )40( ) 1.0 0.15 ( )a a a ac t c u t C= + × , 

,   a A t T∀ ∈ ∈              (47) 

where 0
ac  is the free-flow travel time, aC  is the ca-

pacity of link a, and ( ) ( )m
a a

m

u t u t=∑ . The parameters 

of all the link travel time functions are given in Table 1. 

Table 1 Input parameters associated with the link 
travel time function 

Link No. 
0
ac / h aC /(veh·h−1) 

1 and 7 0.60 1000 
2 and 8 0.10  500 
3 and 9 0.30 1000 

4 0.30  800 
5 and 10 0.20 1000 
6 and 11 0.10  500 

The exponential demand function is adopted and 
specified as 

 ( ) exp ( )j j j j j j
rs rs rs rs rs rsq D S q Sπ= = − , 

,   ,   j J r R s S∀ ∈ ∈ ∈           (48) 

where j
rsπ  is a positive parameter and j

rsq  is the po-
tential demand with trip purpose j between OD pair (r, 
s). The parameters of the demand function are shown 
in Table 2. 

The input parameters associated with the travel dis-
utility function and the parking characteristics in the 
model are shown in Tables 3 and 4. Suppose that the 
average walking speed in Eq. (10) is ω = 5.0 km/h. The 
average walking distances from P1 to Destination 3 
and  from  P2  to  Destination  4  are both 0.75 km. The 
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Table 2 Input parameters associated with the demand function 

 13q  14q  23q  24q  13π  14π  23π  24π  β  

Commuter 1500 1000 1000 1500 0.03 0.03 0.03 0.03 0.45 
Non-commuter 800 500 500 800 0.05 0.05 0.05 0.05 0.15 

Table 3 Input parameters associated with the travel disutility function 

 1α  2α  3α  sα  τ  λ  * *[ ,  ]t t∆ ∆+ −  

Commuter 1.4 0.1 1.8 0.3 6.0 25.0 [8:45, 9:15] 
Non-commuter 1.4 0.2 2.0 0.3 4.0 15.0 [12:00, 14:00] 

Table 4 Input parameters associated with the parking characteristics 

Parking facility Free-flow parking access time (h) Bounds of parking supply Bounds of parking charges (HK$) 

P1 and P2 0.15 [900, 1500] [12, 18] 
A and B 0.10 [100, 300] [6, 12] 
C and D 0.10 [150, 250] —— 

 
average walking distances from all on-street parking 
locations A, B, C, and D to the nearby destinations are 
0.25 km. The discount coefficients mθ  in Eq. (9) for 
all user classes are assumed to be 1.0. The scaling fac-
tors in expression (35) are 1 0.25ρ = , 2 0.5ρ = , and 

3 1.0ρ = .  
The symmetric network structure and input data im-

ply that some OD pairs have the same traffic demand 
and some paths and links will experience the same traf-
fic conditions such as inflow rates and travel costs. 
This symmetry is not specially designed to simplify the 
problem but to facilitate the presentation of the nu-
merical results. The symmetric outputs were found in 
the results, even though the computer program treated 
all OD pairs, paths, and links independently. 

4.2 Analysis of numerical results 

First analyze the numerical results in the context of the 
time-varying parking charges and parking supply. The 
realized travel demands are c c

13 24 1328.74q q= =  and 
c c
14 23 869.23q q= =  for commuters, and nc nc

13 24q q= =  
653.19  and nc nc

14 23 405.37q q= =  for non-commuters. 
The optimal parking supplies at on-street metered 
parking location A (or B) and off-street parking loca-
tion P1 (or P2) are A B 208.16h h= =  and P1 P2h h= =  
1127.82 .  

Figure 2 shows that the highest parking charge oc-
curs between 12:00 and 14:00 for parking location A, 
and that two charging peaks occur for parking location 

P1, one during interval 08:00-09:00 and another during 
12:00-14:00. This is because these intervals correspond 
to the traffic rush hours. In general, the commuters 
tend to depart before 09:00 so that they can arrive at 
their places of work punctually. The arrival peak for 
the commuters at parking location P1 occurs between 
08:00 and 09:00. In contrast, the non-commuters prefer 
to depart between 10:00 and 13:00 to avoid a schedule 
delay penalty, and park their cars at A and P1 when 
they arrive between 12:00 and 14:00. After 14:00, the 
parking charges are reduced because the level of traffic 
congestion declines. 

Figure 3 shows that the number of required parking 
spaces first decreases with the time interval, reaching a 
minimum during the interval 13:00-14:00 (158.29), 
and then increases toward the upper bound of supply. 
Combining Figs. 2 and 3 shows that during the rush 
hours, few on-street free of charge parking locations 
are open, and higher parking fees are levied at on-
street metered parking locations and off-street parking 
locations. The reverse occurs during off-peak hours. 
The objective of this scheme is to guarantee that trav-
elers can arrive at their destinations quickly during 
peak hours by increasing the link capacity. Providing 
more on-street parking spaces during off-peak hours 
serves the purpose of allowing people to find parking 
locations conveniently. Therefore, the adjustment of 
parking spaces and parking charges is a powerful 
measure for managing traffic demand effectively and 
complementarily.
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Fig. 2 Optimal charging schemes at on-street metered parking location A and off-street parking location P1 
over the study horizon 

 

Fig. 3 Optimal supply pattern at on-street free of charge parking location C

Figures 2 and 3 also show the step and uniform 
charging schemes and supply patterns. We compare 
them with the optimal time-varying schemes and pat-
terns given by the model in this paper. The network net 
benefits are 83 921 units by the time-varying pattern, 
83 094 units by the step pattern, and 79 825 units by 
the uniform pattern. Therefore, it is more attractive to 
set time-varying parking charges and parking supply to 
cater to the time-varying traffic demand. The step pat-
tern is designed to be closer to the time-varying pattern 
to create a reasonable efficiency. The step alternative is 
recommended since it is much easier to implement in 
practice. 

5 Conclusions 

This paper describes a bilevel programming model to 
optimize the number of parking spaces and the parking 
charges while accounting for road and parking capacity 
constraints and acceptable bounds on parking supply 
and charges. The travel demand is elastic, and thus re-
sponds to traffic congestion and parking space avail-
ability. In this model, the upper level aims to maximize 
the system’s net benefit, while the lower level is a 
time-dependent network equilibrium problem that si-
multaneously  considers  the  choices  of  travelers on 
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departure time, route, parking location, and parking 
duration. The model was solved by a descent-gradient-
based algorithm. The numerical results show that the 
modeling approach captures the behavioral characteris-
tics of travelers in choosing parking facilities in a dy-
namic context and acquires the essential economic at-
tributes for the assessment of the operational perform-
ance of the parking facilities. 

The model provides a versatile and systematic 
framework that serves as a useful tool for strategically 
planning and designing parking facilities. The model 
also helps in understanding the economics of pricing 
parking in a dynamic paradigm. For example, the 
model can be further used to investigate the effects of 
time-varying parking charges on the activities of trav-
elers[37] and on scheduling reliability of morning com-
muting[38]. This advances the understanding of the in-
teractions between parking demand and supply and 
opens the way toward a more comprehensive and ef-
fective formulation of pricing policy in the transporta-
tion system. 

References 

[1] Lam H K, Tam M L, Yang H, Wong S C. Balance of de-
mand and supply of parking spaces. In: Ceder A, ed. Pro-
ceedings of the 14th International Symposium on Transpor-
tation and Traffic Theory. Elsevier, Oxford, 1999. 

[2] Tong C O, Wong S C, Lau W W T. A demand-supply equi-
librium model for parking services in Hong Kong. Hong 
Kong  Institution  of  Engineers Transactions, 2004, 11: 
48-53. 

[3] Magnanti T L, Wong R T. Network design and transporta-
tion planning: Models and algorithms. Transportation Sci-
ence, 1985, 18: 1-55. 

[4] Friesz T L, Transportation network equilibrium, design, 
and aggregation: Key developments and research opportu-
nities. Transportation Research, 1985, 19A: 413-427. 

[5] Tam M L, Lam W H K. Analysis of demand for road-based 
transport facilities: A bi-level programming approach. 
Transportation Research Record, 1999, 1685: 73-80. 

[6] Verhoef E, Nijkamp P, Rietveld P. The economics of regu-
latory parking policies: The (im)possibilities of parking 
policies in traffic regulation. Transportation Research, 
1995, 29A: 141-156. 

[7] Li Z C, Huang H J, Lam W H K, Wong S C. A model for 
evaluation of transport policies in multimodal networks 
with road and parking capacity constraints. Journal of 

Mathematical Modelling and Algorithms. (in press), avail-
able online, may 31, 2006. http://springerlink.metapress. 
com/content/1572-9214. 

[8] Hau T D. Economic fundamentals of road pricing: A dia-
grammatic analysis, part I – fundamentals. Transportmet-
rica, 2005, 1: 81-117. 

[9] Hau T D. Economic fundamentals of road pricing: A dia-
grammatic analysis, part II – relaxation of assumptions. 
Transportmetrica, 2005, 1: 119-149. 

[10] Higgins T J. Road-pricing attempts in the United States. 
Transportation Research, 1986, 20A: 145-150. 

[11] Shoup D. The trouble with minimum parking requirements. 
Transportation Research, 1999, 33A: 549-574. 

[12]  Feitelson E, Rotem O. The case of taxing surface parking. 
Transportation Research, 2004, 9D: 319-333. 

[13] Anderson S P, de Palma A. The economics of pricing park-
ing. Journal of Urban Economics, 2004, 55: 1-20. 

[14] Lam W H K, Tam M L, Bell M G H. Optimal road tolls 
and parking charges for balancing the demand and supply 
of road transport facilities. In: Taylor M A P, ed. Proceed-
ings of the 15th International Symposium on Transporta-
tion and Traffic Theory. Elsevier, Oxford, 2002. 

[15] Young W, Thompson R G, Taylor M A P. A review of urban 
parking models. Transport Reviews, 1991, 11: 63-84. 

[16] Arnott R, de Palma A, Lindsey R. Temporal and spatial 
equilibrium analysis of commuter parking. Journal of Pub-
lics Economics, 1991, 45: 301-337. 

[17] Arnott R, Rowse J. Modeling parking. Journal of Urban 
Economics, 1999, 45: 97-124. 

[18] Lam W H K, Li Z C, Huang H J, Wong S C. Modeling 
time-dependent travel choice problems in road networks 
with multiple user classes and multiple parking facilities. 
Transportation Research, 2006, 40B: 368-395. 

[19] Hensher D A, King J. Parking demand and responsiveness 
to supply, pricing and location in the Sydney central busi-
ness district. Transportation Research, 2001, 35A: 177-
196. 

[20] Lam W C H, Fung R Y C, Wong S C, Tong C O. The Hong 
Kong parking demand study. Proceedings of the Institution 
of Civil Engineers, Transport, 1998, 129: 218-227. 

[21] Lau W W T, Poon P S T, Tong C O, Wong S C. The Hong 
Kong second parking demand study. Proceedings of the 
Institution of Civil Engineers, Transport, 2005, 158: 53-59. 

[22] Bifulco G N. A stochastic user equilibrium assignment 
model for the evaluation of parking policies. European 
Journal of Operational Research, 1993, 71: 269-287. 

[23] Huang H J, Lam W H K. Modeling and solving the dy-



LI Zhichun (李志纯) et al：Optimization of Time-Varying Parking Charges and … 

 

177

namic user equilibrium route and departure time choice 
problem in network with queues. Transportation Research, 
2002, 36B: 253-273. 

[24] Yang Y, Meng Q. Departure time route choice and conges-
tion toll in a queuing network with elastic demand. Trans-
portation Research, 1998, 32B: 247-260. 

[25] Szeto W Y, Lo H K. A cell-based simultaneous route and 
departure time choice model with elastic demand. Trans-
portation Research, 2004, 38B: 593-612. 

[26] Ran B, Boyce D E. Modeling Dynamic Transportation 
Networks: An Intelligent Transportation System Oriented 
Approach, Second Edition. Berlin: Springer, 1996. 

[27] Chen H K, Hsueh C F. A model and an algorithm for the 
dynamic user-optimal route choice problem. Transporta-
tion Research, 1998, 32B: 219-234. 

[28] Yang H, Bell M G H. Models and algorithms for road net-
work design: A review and some new developments. 
Transport Reviews, 1998, 18: 257-278. 

[29] Yang H, Bell M G H. Transport bilevel programming prob-
lems: Recent methodological advances. Transportation 
Research, 2001, 35B: 1-4. 

[30] Clegg J, Smith M, Xiang Y, Yarrow R. Bilevel program-
ming applied to optimising urban transportation. Transpor-
tation Research, 2001, 35B: 41-70. 

[31] Tobin R L, Friesz T L. Sensitivity analysis for equilibrium 
network flows. Transportation Science, 1988, 22: 242-250. 

[32] Yang H. Sensitivity analysis for queuing equilibrium net-
work flow and its application to traffic control. 
Mathematical and Computer Modelling, 1995, 22: 247-
258. 

[33] Abou Zeid M, Chabini I. Methods for congestion pricing 
in dynamic traffic networks. Paper presented at the 10th 
IFAC Symposium on Control in Transportation Systems, 
Seikei University, Tokyo, Japan, 2003. 

[34] Abou Zeid M. Models and algorithms for the optimization 
of traffic flows and emissions using dynamic routing and 
pricing [Dissertation]. Massachusetts Institute of Technol-
ogy, Cambridge, MA, 2003. 

[35] Viti F, Catalano S F, Li M, Lindveld C, Van Zuylen H. An 
optimization problem with dynamic route-departure time 
choice and pricing. In: Proceedings of the 82nd Annual 
Meeting of the Transportation Research Board (CD-ROM). 
Washington, D.C., 2003. 

[36] Nocedal J, Wright S J. Numerical Optimization. New York: 
Springer, 1999. 

[37] Huang H J, Li Z C, Lam W H K, Wong S C. A time-
dependent activity and travel choice model with multiple 
parking options. In: Mahmassni H S, ed. Proceedings of 
the 16th International Symposium on Transportation and 
Traffic Theory. Elsevier, Oxford, 2005. 

[38] Li Z C, Huang H J. Fixed-point model and schedule reli-
ability of morning commuting in stochastic and time-
dependent transport networks. Lecture Notes in Computer 
Science, 2005, 3828: 777-787. 


